
10/23/2017 Fall 2017, Calculus I Quiz 7 (version 1) Solutions Sitaraman
Howard University Math Department

1. Using differentials find the change in the length l = a sinx when x is increased from 0
to ε radians where ε is a very small positive real number. [Just FYI, if a is the length
of the hypotenuse then l will be the length of the side opposite to the angle x in a right
angled triangle ].

Soln:

dl = (a sinx)′dx = a cosxdx. Here x is increased from x = 0 to x = ε.

So dx = ε and dl = a cos 0(ε) = aε.

VERY SIMPLE WAY TO REMEMBER DIFFERENTIALS AND LINEAR APPROX-
IMATION:

At a for a function f(x), df =
df

dx
dx = f ′(a)dx.

L(x) = f(a) + df = f(a) + f ′(a)dx = f(a) + f ′(a)(x− a).

In the question a represents length of a side of triangle. The two a′s are different.

TRY PROBLEMS 8,30,AND 32 IN 3.10 TO BETTER UNDERSTAND THIS KIND
OF PROBLEM.

2. Find the absolute maximum and minimum of f(x) = (x2− 1)2 in [-2,2]. You must use
derivatives.

Why is it guaranteed that there will be an absolute maximum and minimum for f in
this interval?

Solution: Since f is a polynomial, it is continuous everywhere. So it has an absolute
maximum and minimum in any finite CLOSED interval of the real line, according to
the Extreme Value Theorem of 4.1.

So the derivative exists everywhere and the only critical numbers are those for which
f ′(x) = 0.

Solving this, we get (after using chain rule to differentiate):

f ′(x) = 2(x2 − 1)(2x) = 0 =⇒ x2 − 1 = 0 or x = 0.

So critical numbers are 0,−1, 1.

Boundary points are -2 and 2.

Plugging in these values, we get f(−2) = 9, f(−1) = 0, f(0) = 1, f(1) = 0, f(2) = 9.

1



Comparing values of f we see that 0 is the absolute minimum and 9 is the absolute
maximum.

NOTE: LOOKING AT 1ST DERIVATIVE TEST AND 2ND DERIVATIVE TEST
ONLY TELLS YOU ABOUT LOCAL MAX / MIN.

TO FIND ABSOLUTE MAX/MIN, COMPARE VALUES OF FUNCTION AT CRIT-
ICAL AND BOUNDARY POINTS, NOT VALUES OF ITS DERIVATIVE.

3. Show that y = x3 satisfies the Mean Value Theorem in (0,2) by finding a value c in
(0,2) for which dy/dx equals the slope of the secant line from 0 to 2. You can leave
square roots in the answer as

√
2,
√

3, etc.,

Solution:

Slope of secant line is (23− 03)/(2− 0) = 4. We want f ′(c) = 3c2 = 4. So c2 = 4/3 and
c = ±

√
1/3. Since we want a value in (0,1) we take the positive square root.
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10/23/2017 Fall 2017, Calculus I Quiz 7 (version 2) Solutions Sitaraman
Howard University Math Department

1. Give the linear approximation of the length l = a sinx at x = 0. [Just FYI, if a is the
length of the hypotenuse then l will be the length of the side opposite to the angle x
in a right angled triangle ].

Soln:

L(x) = L(0) + (a sinx)′(x− 0) = a sin 0 + a cos 0(x− 0) = ax.

VERY SIMPLE WAY TO REMEMBER DIFFERENTIALS AND LINEAR APPROX-
IMATION:

At a for a function f(x), df =
df

dx
dx = f ′(a)dx.

L(x) = f(a) + df = f(a) + f ′(a)dx = f(a) + f ′(a)(x− a).

In this problem the fixed point a = 0. In the question a represents length of a side of
triangle. The two a′s are different.

TRY PROBLEMS 8,30,AND 32 IN 3.10 TO BETTER UNDERSTAND THIS KIND
OF PROBLEM.

2. Find the absolute maximum and minimum of f(x) = (x2 − 1)2 in [1
2
, 3
2
]. You must use

derivatives.

Why is it guaranteed that there will be an absolute maximum and minimum for f in
this interval?

Solution: Since f is a polynomial, it is continuous everywhere. So it has an absolute
maximum and minimum in any finite CLOSED interval of the real line, according to
the Extreme Value Theorem of 4.1.

So the derivative exists everywhere and the only critical numbers are those for which
f ′(x) = 0.

Solving this, we get (after using chain rule to differentiate):

f ′(x) = 2(x2 − 1)(2x) = 0 =⇒ x2 − 1 = 0 or x = 0.

So critical numbers are 0,−1, 1. Of these only 1 is in [1/2,3/2].

Boundary points are 1/2 and 3/2.

Plugging in these values, we get f(1/2) = ((1/2)2 − 1)2 = 9/16, f(1) = 0, f(3/2) =
((3/2)2 − 1)2 = 25/16.

Comparing values of f we see that 0 is the absolute minimum and 25/16 is the absolute
maximum.
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NOTE: LOOKING AT 1ST DERIVATIVE TEST AND 2ND DERIVATIVE TEST
ONLY TELLS YOU ABOUT LOCAL MAX / MIN.

TO FIND ABSOLUTE MAX/MIN, COMPARE VALUES OF FUNCTION AT CRIT-
ICAL AND BOUNDARY POINTS, NOT VALUES OF ITS DERIVATIVE.

3. Show that y = x3 satisfies the Mean Value Theorem in (0,1) by finding a value c in
(0,1) for which dy/dx equals the slope of the secant line from 0 to 1. You can leave
square roots in the answer as

√
2,
√

3, etc.,

Solution:

Slope of secant line is (13− 03)/(1− 0) = 1. We want f ′(c) = 3c2 = 1. So c2 = 1/3 and
c = ±

√
1/3. Since we want a value in (0,1) we take the positive square root.
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